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Abstract. In the paper we present a new evolutionary algorithm for
induction of regression trees. In contrast to the typical top-down ap-
proaches it globally searches for the best tree structure, tests at internal
nodes and models at the leaves. The general structure of proposed solu-
tion follows a framework of evolutionary algorithms with an unstructured
population and a generational selection. Specialized genetic operators ef-
ficiently evolve regression trees with multivariate linear models. Bayesian
information criterion as a fitness function mitigate the over-fitting prob-
lem. The preliminary experimental validation is promising as the result-
ing trees are less complex with at least comparable performance to the
classical top-down counterpart.

Keywords: model trees, evolutionary algorithms, multivariate linear re-
gression, BIC.

1 Introduction

The most common predictive tasks in data mining applications are classification
and regression [5]. One of the most widely used prediction techniques are decision
trees [19]. Regression and model trees may be considered as a variant of decision
trees, designed to approximate real-valued functions instead of being used for
classification tasks. Main difference between a typical regression tree and a model
tree is that, for the latter, terminal node is replaced by a regression plane instead
of a constant value. Those tree-based approaches are now popular alternatives
to classical statistical techniques like standard regression or logistic regression.

In this paper we want to investigate a global approach to model tree induction
based on a specialized evolutionary algorithm. This solution extends our previous
research on evolutionary classification and regression trees which showed that a
global induction could be more adequate in certain situations. Our work covers
the induction of univariate trees with multivariate linear models at the leaves.

1.1 Global Versus Local Induction

Linear regression is a global model in which the single predictive function holds
over the entire data-space [9]. However many regression problems cannot be
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solved by a single regression model especially when the data has many attributes
which interact in a complicated ways. Recursively partitioning the data and fit-
ting local models to the smaller regions, where the interactions are more simple,
is a good alternative to complicated, nonlinear regression approaches. The re-
cursive partitioning [16] may be realized by top-down induced regression trees.
Starting from the root node they search for the locally optimal split (test) ac-
cording to the given optimality measure and then the training data is redirected
to newly created nodes. This procedure is recursively repeated until the stopping
criteria are met and in each of the terminal node called leaf, a locally optimal
model is built for each region. Finally, the post-pruning is applied to improve
the generalization power of the predictive model. Such a technique is fast and
generally efficient in many practical problem, but obviously does not guarantee
the globally optimal solution. Due to the greedy nature, algorithms may not
generate the smallest possible number of rules for a given problem [17] and a
large number of rules results in decreased comprehensibility. Therefore, in cer-
tain situations more global approach could lead to improvement in prediction
and size of the resulting models.

1.2 Related Work

The CART system [2] is one of most known top-down induced prediction tree.
The CART algorithm finds a split that minimizes the Residual Sum of Squares
(RSS) of the model when predicting. Next, it builds a piecewise constant model
with each terminal node fitted by the training sample mean. The CART algo-
rithm was later improved by replacing single predicted values in the leaves by
more advanced models like in SECRET [4] or RT [21]. The most popular system
which induce top-down model tree is M5 [23]. Like CART, it builds tree-based
models but, whereas regression trees have values at their leaves, the tree con-
structed by M5 can have multivariate linear models analogous to piecewise linear
functions.

One of the first attempts to optimize the overall RSS was presented in RETRIS
[8] model tree. Algorithm simultaneously optimized the split and the models at
the terminal nodes to minimize the global RSS. However RETRIS is not scalable
and does not support larger datasets because of the huge complexity [17]. More
recent solution called SMOTI [14] allows regression models to exist not only in
leaves but also in the upper parts of the tree. Authors claim that this allows for
individual predictors to have both global and local effects on the model tree.

Our previously performed research showed that evolutionary inducers are ca-
pable to efficiently induce various types of classification trees: univariate [10],
oblique [11] and mixed [12]. In our last papers we applied a similar approach
to obtain accurate and compact regression trees [13] and we did preliminary ex-
periments with the model trees that have simple linear regression models at the
leaves [3].

Proposed solution denoted as GMT improved our previous work: starting with
more heterogenous population, additional genetic operators and a new fitness
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function based on Bayesian information criterion (BIC) [20]. The models at the
leaves were extended from simple linear to multivariate linear regression models.

2 An Evolutionary Induction of Model Trees

Structure of the proposed solution follows a typical framework of evolutionary
algorithms [15] with an unstructured population and a generational selection.

2.1 Representation

Model trees are represented in their actual form as typical univariate trees, simi-
larly as in our previous work [3]. Each test in a non-terminal node concerns only
one attribute (nominal or continuous valued). In case of a continuous-valued
feature typical inequality tests are applied. As for potential splits only the pre-
calculated candidate thresholds are considered. A candidate threshold for the
given attribute is defined as a midpoint between such a successive pair of exam-
ples in the sequence sorted by the increasing value of the attribute, in which the
examples are characterized by different predicted values. Such a solution signif-
icantly limits the number of possible splits. For a nominal attribute at least one
value is associated with each branch. It means that an inner disjunction is built
into the induction algorithm.

At each leaf a multivariate linear model is constructed using standard regres-
sion technique [18] with cases and feature vectors associated with that node. A
dependent variable y is now explained not by single variable like in [3] but a
linear combination of multiple independent variables x1, x2, . . . , xp:

y = β0 + β1 ∗ x1 + β2 ∗ x2 + . . . + βp ∗ xp (1)

where p is the number of independent variables, xi are independent variables, βi

are fixed coefficients that minimizes the sum of squared residuals of the model.
Additionally, in every node information about learning vectors associated with

the node is stored. This enables the algorithm to perform more efficiently local
structure and tests modifications during applications of genetic operators.

2.2 Initialization

The initial tree construction is similar to the typical approaches like CART and
M5. At first, we construct a standard regression tree with local means of depen-
dent variable values from training objects in every leaf. Initial individuals are
created by applying the classical top-down algorithm. The recursive partitioning
is finished when all training objects in node are characterized by the same pre-
dicted value (or it varies only slightly [23]) or the number of objects in a node
is lower than the predefined value (default value: 5). Additionally, user can set
the maximum tree depth (default value: 10). Next, a multivariate linear model
is built at each terminal node.
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An appropriate trade off between a degree of heterogeneity and a computation
time is obtained by various data-driven manners for selecting attributes and
choosing search strategies in non-terminal nodes:

– initial individuals are induced from randomly chosen subsamples of the orig-
inal training data (10% of data, but not more than 500 examples);

– each individual searches splitting tests from randomly chosen subsamples of
the attribute set (50% of attributes);

– one of three test search strategies in non-terminal nodes is applied [3]:
• Least Squares (LS) reduction,
• Least Absolute Deviation (LAD) reduction,
• dipolar, where a dipol (a pair of feature vectors) is selected and then a

test is constructed which splits this dipole. Selection of the dipole is ran-
domized but longer (with bigger difference between dependent variable
values) dipoles are preferred and mechanism similar to the ranking linear
selection [15] is applied.

2.3 Genetic Operators

Like in our previous papers [3][13] we have applied two specialized genetic op-
erators corresponding to the classical mutation and cross-over. Both operators
affect the tree structure, tests in non-terminal nodes and models at leaves. After
each evolutionary iteration it is usually necessary to relocate learning vectors
between parts of the tree rooted in the altered node. This can cause that certain
parts of the tree does not contain any learning vectors and has to be pruned.

Cross-over. Cross-over solution starts with selecting positions in two affected
individuals. In each of two trees one node is chosen randomly. We have proposed
three variants of recombination:

– subtrees starting in the selected nodes are exchanged,
– tests associated with the nodes are exchanged (only when non-terminal nodes

are chosen and the number of outcomes are equal),
– branches which start from the selected nodes are exchanged in random order

(only when non-terminal nodes are chosen and the number of outcomes are
equal).

Mutation. Mutation solution starts with randomly choosing the type of node
(equal probability to select leaf or internal node). Next, the ranked list of nodes
of the selected type is created and a mechanism analogous to ranking linear
selection [15] is applied to decide which node will be affected. Depending on the
type of node, ranking take into account:

– absolute error - worse in terms of accuracy leaves and internal nodes are
mutated with higher probability (homogenous leaves are not included),
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– location (level) of the internal node in the tree - it is evident that modification
of the test in the root node affects whole tree and has a great impact, whereas
mutation of an internal node in lower parts of the tree has only a local impact.
Therefore, internal nodes in lower parts of the tree are mutated with higher
probability.

We have proposed new mutation operators for internal node:

– tests between father and son exchanged,
– symmetric mutation between sub-trees,
– test in node changed by: new random one or new dipolar (described in section

2.2),
– shifting the splitting threshold (continuous-valued feature) or re-grouping

feature values (nominal features),
– node can be transformed (pruned) into a leaf,

and for the leaves:

– transform leaf into an internal node with a new dipolar test,
– extend linear model by adding new randomly chosen attribute,
– simplify linear model by removing the randomly chosen attribute,
– change linear model attributes with random ones,
– delete from linear model the least important attribute.

After performed mutation in internal nodes the models in corresponding leaves
are not recalculated because adequate linear models can be found while per-
forming the mutations at the leaves. Modifying and recalculating leaf model
makes sense only if it contains objects with different dependent variable values
or different independent variables that build the linear model.

2.4 Selection and Termination Condition

Evolution terminates when the fitness of the best individual in the population
does not improve during the fixed number of generations. In case of a slow
convergence, maximum number of generations is also specified, which allows us
to limit computation time.

Ranking linear selection [15] is applied as a selection mechanism. Additionally,
in each iteration, single individual with the highest value of fitness function in
current population in copied to the next one (elitist strategy).

2.5 Fitness Function

A fitness function drives evolutionary search process and therefore is one of the
most important and sensitive component of the algorithm. Direct minimization
of the prediction error measured on the learning set usually leads to the over-
fitting problem. In a typical top-down induction of decision trees, this problem
is partially mitigated by defining a stopping condition and by applying a post-
pruning.
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In our previous works [3] we used Akaike’s information criterion (AIC) [1] as
the fitness function. Performed experiments suggested that penalty for increasing
model size should depend on the number of observations in the data. Therefore
we have replaced AIC with the Bayesian information criterion (BIC) [20] that is
given by:

FitBIC(T ) = −2 ∗ ln(L(T )) + ln(n) ∗ k(T ) (2)

where L(T ) is the maximum of the likelihood function of the tree T , k(T ) is
the number of model parameters and n is the number of observations. The
log(likelihood) function L(T ) is typical for regression models [7] and can be
expressed as:

ln(L(T )) = −0.5n ∗ [ln(2π) + ln(SSe(T )/n) + 1] (3)

where SSe(T ) is the sum of squared residuals of the tree T . The term 2 ∗ k(T )
can also be viewed as a penalty for over-parametrization and has to include not
only the tree size but also the number of attributes that build models at the
leaves. The number of independent parameters k(T ) in the complexity penalty
term is equal 2 ∗ (Q(T ) + M(T )) where Q(T ) is the number of nodes in model
tree T and M(T ) is the sum of all attributes in the linear models at the leaves.

3 Experimental Validation

In this section, we study the predictive accuracy and size of the proposed ap-
proach (denoted as GMT) to other methods. Validation was performed on syn-
thetical and real-life datasets. Since our algorithm induces model trees we have
compared it against the popular M5 [23] counterpart. The M5 algorithm has
the same tree structure: univariate splits and multivariate linear models at the
leaves, as the GMT. The most important difference between both solution is
the tree construction where the M5 is a traditional greedy top-down inducer
and the GMT approach searches for optimal trees in a global manner by using
an evolutionary algorithm. We also included results obtained by the REPTree
which is another classical top-down inducer. REPTree builds a regression tree us-
ing variance and prunes it using reduced-error pruning (with backfitting). Both
comparative algorithms are run using the implementations in WEKA [6], soft-
ware that is publicly available.

Each tested algorithm run with default values of parameters through all
datasets. All presented results correspond to averages of 20 runs and were ob-
tained by using test sets (when available) or by 10-fold cross-validation. Root
mean squared error (RMSE) is given as the error measure of the algorithms. The
number of nodes is given as a complexity measure (size) of regression and model
trees.

3.1 Synthetical Datasets

In the first group of experiments, two simple artificially generated datasets
with analytically defined decision borders are analyzed. Both datasets contain a



236 M. Czajkowski and M. Kretowski

-4
-3

-2
-1

 0
 1

 2  0

 0.2

 0.4

 0.6

 0.8

 1

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2

 0

 1

 2

 3

 4

 5  0

 1

 2

 3

 4

 5

-15
-10

-5
 0
 5

 10
 15
 20

Fig. 1. Examples of artificial datasets (split plane - left, armchair3 - right)

feature that is linearly dependent with one of two independent features. One
thousand observations for each dataset were divided into a training set (33.3%
of observations) and testing set (66.7%).

The artificial dataset split plane that is illustrated in the Fig. 1 can be perfectly
predictable with regression lines on subsets of the data resulting from a single
partition. The equation is:

y(x1, x2) =
{

0.2 ∗ x2 x1 < −2
0.25 ∗ x1 + 0.2 ∗ x2 + 0.5 x1 ≥ −2 (4)

The test in the root node for both greedy top-down inducers is not optimal.
M5 approach minimizes the combined standard deviation of both partitions of
each subset and sets first split at threshold x1 = −1.18. REPTree is using the
CART approach, partitions this dataset at x1 = −0.44 minimizing the RSS and
has size equal 88. GMT partitions the data at threshold x1 = −2.00 because
it is able to search globally for the best solution. This simple artificial problem
illustrates general advantage of the global search solution to greedy algorithms.
The induced GMT and M5 trees are illustrated in Figure 2 and the Table 1
presents the generated multivariate linear models at the leaves.

Fig. 2. Examples of model trees for split plane (GMT - left, M5 - right)
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Table 1. Generated multivariate linear models for GMT and M5

GMT LM1: y(x1, x2) = 0.25 ∗ x1 + 0.2 ∗ x2 + 0.5
LM2: y(x1, x2) = 0.2 ∗ x2 + 0.5

M5 LM1: y(x1, x2) = 0.1865 ∗ x2 + 0.0052
LM2: y(x1, x2) = 0.25 ∗ x1 + 0.2 ∗ x2 + 0.5
LM3: y(x1, x2) = 0.1936 ∗ x2 + 0.0079
LM4: y(x1, x2) = 0.25 ∗ x1 + 0.2 ∗ x2 + 0.5
LM5: y(x1, x2) = 0.25 ∗ x1 + 0.2 ∗ x2 + 0.5

Illustrated in the Fig. 1 dataset Armchair3 is more complex than split plane.
Many traditional approaches will fail to efficiently split the data as the greedy
inducers search only for a locally optimal solutions. The equation is:

y(x1, x2) =

⎧⎪⎪⎨
⎪⎪⎩

10 ∗ x1 − 1.5 ∗ x2 − 5 x1 < 1
−10 ∗ x1 − 1.5 ∗ x2 + 45 x1 ≥ 4
0.5 ∗ x1 − 2.5 ∗ x2 + 1.5 x2 < 3; 1 ≤ x1 < 4
0.5 ∗ x1 + 10 ∗ x2 − 35 x2 ≥ 3; 1 ≤ x1 < 4

(5)

Similarly to previous experiment, GMT managed to find the best split at x1 =
1.00 and induced optimal model tree. M5 to build the tree needed 18 rules at
the leaves and the first split threshold was set at x1 = 3.73. REPTree using the
CART approach has the first data partition at threshold x1 = 4.42 and has a
tree size equal 87.

3.2 Real-Life Datasets

Second group of experiments include several real-life datasets from UCI Machine
Learning Repository [22]. Application of the GMT to the larger datasets showed
that in contrast to RETRIS [8] our method scales well. In the proposed solution
the smoothing function is not yet introduced therefore for more honest com-
parison we present the results of the unsmoothed M5 and smoothed M5 smot.
algorithm. The REPTree which is another classical top-down inducer build only
regression trees and therefore has lower predictive accuracy. Table 2 presents
characteristics of investigated datasets and obtained results.

It can be observed that on the real-life datasets the GMT managed to induce
significantly smaller trees, similarly to the results on artificial data. Additionally,
even without smoothing process that improves the prediction accuracy of tree-
based models [23], GMT has at least comparable performance to smoothed M5
and on two out of six datasets (Elevators and Kinemaics) is significantly better.
The percentage deviation of RMSE for GMT on all datasets was under 0.5%.
As for the REPTree we may observe that the regression tree is no match for
both model trees. Higher model comprehensibility of the REPTree thanks to
simplified models at leaves is also doubtful because of the large tree size.

As with evolutionary data-mining systems, the proposed approach is more
time consuming than the classical top-down inducers. However, experiments per-
formed with typical desktop machine (Dual-Core CPU 1.66GHz with 2GB RAM)
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Table 2. Characteristics of the real-life datasets (number of objects/number of numeric
features/number of nominal features) and obtained results

GMT M5 M5 smot. REPTree
Dataset Properties RMSE size RMSE size RMSE size RMSE size

Abalone 4177/7/1 2.150 3.8 2.134 12 2.130 12 2.358 201
Ailerons 13750/40/0 0.000165 4.2 0.000164 5.0 0.000164 5.0 0.000203 553
Delta Ailerons 7129/5/0 0.000164 9.5 0.000167 22 0.000165 22 0.000175 291
Delta Elevators 9517/6/0 0.001424 3.1 0.001427 8.0 0.001426 8.0 0.00150 319
Elevators 16599/18/0 0.002448 14 0.002702 45 0.002670 45 0.003984 503
Kinemaics 8192/8/0 0.1457 24 0.1654 106 0.1600 106 0.1906 819

showed that the calculation time even for the largest datasets are acceptable
(from 5 minutes for the Abalone to around 2 hours for the Ailerons).

4 Conclusion

This paper presents a new global approach to the model tree learning. In con-
trast to classical top-down inducers, where locally optimal tests are sequentially
chosen, in GMT the tree structure, tests in internal nodes and models at the
leaves are searched in the same time by specialized evolutionary algorithm. This
way the inducer is able to avoid local optima and to generate better predictive
model. Even preliminary experimental results show that the globally evolved re-
gression models are competitive compared to the top-down based counterparts,
especially in the term of tree size.

Proposed approach is constantly improved. Further research to determine
more appropriate value of complexity penalty term in the BIC criterion is ad-
vised and other commonly used measures should be considered. Currently we
are working on a smoothing process that will improve prediction accuracy. On
the other hand, we plan to introduce oblique tests in the non-terminal nodes and
more advance models at the leaves.
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